This paper proposes a systematic methodology for creating multifolded torus chaotic attractors from a simple three-dimensional piecewise-linear system. Theoretical analysis shows that the multifolded torus chaotic attractors can be generated via alternative switchings between two basic linear systems. The theoretical design principle and the underlying dynamic mechanism are then further investigated by analyzing the emerging bifurcation and the stable and unstable subspaces of the two basic linear systems. A novel block circuit diagram is also designed for hardware implementation of 3-, 5-, 7-, 9-folded torus chaotic attractors via switching the corresponding switches. This is the first time a 9-folded torus chaotic attractor generated by an analog circuit has been verified experimentally. Furthermore, some recursive formulas of system parameters are rigorously derived, which is useful for improving hardware implementation. © 2007 American Institute of Physics. ͓DOI: 10.1063/1.2559173͔
I. INTRODUCTION
Nowadays, theoretical design and circuit implementation of chaotic oscillators have been an increasingly interesting subject for research due to their real applications in various information systems and chaos-based technologies.
1-27 Although there are many techniques reported for generating various multiscroll chaotic attractors, 2,9-27 to the best of our knowledge, there are very few publications on designing complex multifolded torus chaotic attractors. Torus breakdown was observed and confirmed in many real physical systems. 9, 10 However, theoretical design and circuit implementation of multifolded torus chaotic attractors are still needed, which remains a technical challenge to both physicists and engineers today. Historically, Suykens and Vandewalle introduced a family of n-double-scroll chaotic attractors. 11 Aziz-Alaoui studied multispiral attractors in both autonomous and nonautonomous systems. 13 Yalcin et al. also proposed a family of hyperchaotic systems that have n-scroll attractors. 14 The essence of these methods lies in adding breakpoints into the piecewise-linear ͑PWL͒ characteristic function of the nonlinear resistor in Chua's circuit. Later, Tang et al. developed a sine-function approach for creating n-scroll chaotic attractors. 15 Lu et al. introduced a switching manifold approach for creating chaotic attractors with multiple-merged basins of attraction. 1, 17 Recently, Lu et al. developed hysteresis and saturated function series approaches for creating scroll-grid attractors, with rigorous mathematical proofs and physical circuit verifications for the chaotic behaviors.
Chua and his colleagues proposed a simple third-order autonomous circuit, 9, 10, 14 called a folded torus circuit, which can generate a double-folded torus chaotic attractor. Later, many researchers studied further the torus breakdown in a PWL forced van der Pol oscillator and a forced Rayleigh oscillator. As far as we know, previous works on torus breakdown only focused on laboratory measurement and numerical simulation for a torus or a folded torus. 9, 10 Therefore, it is very interesting to ask whether the folded torus circuit can be slightly modified so as to generate multifolded torus chaotic attractors. This paper gives a positive answer to this question.
More precisely, this paper reports our studies of constructing a general PWL characteristic function to replace the characteristic function used in the folded torus circuit, thereby generating multifolded torus chaotic attractors. In particular, our theoretical analysis reveals that these multifolded torus chaotic attractors can be generated via alternative switchings of two basic linear systems. The theoretical design principle and the underlying dynamic mechanism are then further investigated by analyzing the emerging bifurcation and the stable and unstable subspaces of the two linear systems. Moreover, a novel block circuit diagram is designed for hardware implementation of 3-, 5-, 7-, and 9-folded torus chaotic attractors. Recursive formulas for system parameters and for physical circuit parameters are also rigorously derived, useful for improving hardware implementation. It should be noted that this is the first experimental verification of a 9-folded torus chaotic attractor.
The rest of this paper is organized as follows. In Sec. II, a systematic theoretical design approach for generating multifolded torus chaotic attractors is proposed, and some recursive formulas for system parameters are rigorously derived. The underlying dynamic mechanism and emerging bifurcation are then discussed in Sec. III. In Sec. IV, a simple circuit diagram is constructed for experimentally verifying the multifolded torus chaotic attractors. Conclusions are finally drawn in Sec. V.
II. THEORETICAL DESIGN OF MULTIFOLDED TORUS CHAOTIC ATTRACTORS
In this section, we construct a general PWL characteristic function to replace the characteristic function used in the fold torus circuit for generating multifolded torus chaotic attractors.
A. Double-folded torus chaotic attractor
Chua and his colleagues proposed a double-folded torus chaotic circuit, 9,10 called a folded torus circuit, described by
where
is a PWL odd function satisfying g͑x − y͒ =−g͑y − x͒. When ␣ = 15, ␤ =1, m 0 = 0.1, m 1 = −0.07, and x 1 = 1, system ͑1͒ has a double-folded torus chaotic attractor as shown in Fig. 1 
B. Design principles of system parameters
Definition 1: An n-folded torus attractor is an attractor that is created via an n-torus breakdown route, where the n-torus is described as a quotient of R n under integral shifts in any coordinate with a zero Lyapunov number and an irrational rotation number. [8] [9] [10] To generate multifolded torus chaotic attractors from the folded circuit ͑1͒, we introduce a new PWL odd function to replace the characteristic function ͑2͒, which is described by
where g͑x − y͒ =−g͑y − x͒ and ␣,␤ are real parameters. Note that the above PWL characteristic function g͑y − x͒ can be recast as follows:
͑4͒
where m i ͑0 Յ i Յ N −1͒ are the slopes of the segments, or radials in various piecewise subregions, and ±x i ͑x i Ն 0, 1 Յ i Յ N −1͒ are the switching points. Since g͑·͒ is an odd function, we only need to determine the positive switching points
Obviously, the equilibrium points of system ͑1͒ with ͑3͒ are ͑±x i E ,0,0͒͑x i E Ն 0,0Յ i Յ N −1͒, where ±x i E ͑0 Յ i Յ N −1͒ satisfies the following equation:
Substituting ͑4͒ into ͑5͒, and solving x i E ͑0 Յ i Յ N −1͒ from ͑5͒, yields the recursive formulas of x i E ͑0 Յ i Յ N −1͒ as follows:
That is, all internal equilibrium points x i E ͑0 Յ i Յ N −2͒ are the midpoints of two neighboring switching points. According to ͑6͒, we have the recursive formulas of the positive switching points x i ͑2 Յ i Յ N −1͒ as follows:
where 1 Յ i Յ N −2.
C. Multifolded torus chaotic attractors
Numerical simulation shows that system ͑1͒ with ͑3͒ has a large parameter region for chaos generation. Here, assume that ␣ = 14.5, ␤ = 1. 25 , and x 1 = 0.75. Then, we can calculate all other switching points x i ͑2 Յ i Յ N −1͒ from the recursive formulas ͑8͒.
In the following, two typical cases are first discussed: N = 2 and N = 5. When N = 2, we have g͑y − x͒ = m 1 ͑y − x͒ + Figure 2͑a͒ shows the PWL characteristic function g͑x͒ with N = 2. For the above set of parameters, system ͑1͒ with ͑3͒ has a 3-folded torus chaotic attractor, as shown in Fig. 3͑a͒ . The maximum Lyapunov exponent of this 3-folded torus chaotic attractor is 0.1018. It is clear that there are three tori folded in the chaotic attractor, as shown in Fig. 3͑a͒ . Obviously, system ͑1͒ with ͑3͒ for N = 2 has three equilibrium points: O͑0,0,0͒ and P ± ͑±1.4118,0,0͒ denoted by ‫",ؠ"‬ as shown in Fig. 3͑a͒ . Also, the two switching points are denoted by "ϫ," as shown in Fig. 3͑a͒ .
When N = 5, we have 
III. DYNAMICAL BEHAVIORS OF MULTIFOLDED TORUS CHAOTIC SYSTEMS
In this section, the dynamical behaviors of multifolded torus chaotic systems are further investigated, including symmetry, bifurcation, eigenspaces, approximation solutions, and system trajectory. 
A. Symmetry and bifurcation of 3-folded torus chaotic system
Denote S + = ͕͑x , y , z͉͒ y = x − x 1 ͖, S − = ͕͑x , y , z͉͒ y = x + x 1 ͖, V 0 = ͕͑x , y , z͉͉͒y − x ͉ Ͻ x 1 ͖, V + = ͕͑x , y , z͉͒ y − x Ͻ −x 1 ͖, and V − = ͕͑x , y , z͉͒ y − x Ͼ x 1 ͖.
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Note that system ͑1͒ is invariant under the transformation ͑x , y , z͒ → ͑−x ,−y ,−z͒; that is, system ͑1͒ is symmetric about the origin. The symmetry persists for all values of the system parameters. Moreover,
where V is the unit volume of the flow of system ͑1͒. Therefore, system ͑1͒ with ͑3͒ for N = 2 is dissipative in V 0 for m 0 ͑␣ −1͒ Ͻ 0 and in V ± for m 1 ͑␣ −1͒ Ͻ 0. Assume that m 0 Ͼ 0 and m 1 Ͻ 0. Then ٌV changes its sign at ␣ = 1; that is,
Theoretical analysis shows that system ͑1͒ with ͑3͒ for N = 2 has a periodic repeller, which coexists with an attracting torus for ␣ Ͼ 1. However, system ͑1͒ with ͑3͒ for N = 2 has a periodic attractor, which coexists with a repelling torus for ␣ Ͻ 1. When ␣ = 1, neither repeller nor attractor is observed as expected. Instead, a Hopf bifurcation occurs at ␣ =1. 8 System ͑1͒ with ͑3͒ for N =2, m 0 = 0.15, and m 1 = −0.17 has a wide parameter region for a 3-folded torus chaotic attractor. Figures 4͑a͒ and 4͑b͒ show the bifurcation diagrams of parameters ␣ with ␤ = 1.25 and ␤ with ␣ = 14.5, respectively. According to the bifurcation diagrams in Fig. 4 , it is clear that system ͑1͒ with ͑3͒ for N = 2 has three different tori folded in a chaotic attractor.
B. Dynamical behaviors of a 3-folded torus chaotic system
From the discussion in Sec. II C, system ͑1͒ with ͑3͒ for N = 2 has three equilibriums: O͑0,0,0͒ and P ± ͑±1.4118,0,0͒. Linearizing system ͑1͒ with ͑3͒ for N =2 at equilibrium point O gives 
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where Table I .
Therefore, the unstable and stable subspaces of system ͑9͒ are E U = Span͕v 1 ͖ and E S = Span͕w 2 , w 3 ͖, respectively. Figure 5͑a͒ shows the stable and unstable subspaces of linear system ͑9͒. Note that system ͑9͒ is the linearized system of the 3-folded torus system ͑1͒ with ͑3͒ and N = 2 at equilibrium point O. The unstable and stable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to O are Linearizing system ͑1͒ with ͑3͒ at equilibrium points P ± gives
where XЈ = ͑xЈ , yЈ , zЈ͒ T , and its corresponding eigenvalues are 1 Ϸ −2.3269, 2,3 Ϸ 0. Table II . Moreover, the stable and unstable subspaces of system ͑11͒ are E S = Span͕v 1 ͖ and E U = Span͕w 2 , w 3 ͖, respectively. Figure 5͑b͒ shows the stable and unstable subspaces of linear system ͑11͒. Note that system ͑11͒ is the linearized system of the 3-folded torus system ͑1͒ with ͑3͒ and N = 2 at equilibrium point P ± . The stable and unstable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to P ± are According to ͑10͒ and the Routh-Hurwitz theorem, the equilibrium point O͑0,0,0͒ is stable if and only if
Denote
Similarly, the equilibrium point P ± ͑ ϯ 
cal analysis and numerical simulations show that the PWL system ͑1͒ with ͑3͒ for N = 2 can generate a 3-folded torus chaotic attractor under the conditions of 1 Ͼ 0, ␥ 1 Ͻ 0, and ␥ 2 0. That is, the equilibrium point O is a one-dimensional unstable saddle point.
Similarly, denote p = ␤ − 
retical analysis and numerical simulations show that the PWL system ͑1͒ with ͑3͒ and N = 2 can create a 3-folded torus chaotic attractor under the conditions of 1 Ͻ 0, ␥ 1 Ͼ 0, and ␥ 2 0. That is, the equilibrium points P ± are twodimensional unstable saddle points. Therefore, to generate a 3-folded torus chaotic attractor from ͑1͒ with ͑3͒ and N = 2, one may assume that
͑12͒
Remark 1: The double-folded torus chaotic system ͑1͒ with ͑2͒ and the 3-folded torus chaotic system ͑1͒ with ͑3͒ have the same dynamical equation. The main difference lies in their different parameters ␣, ␤, m 0 , and m 1 . More importantly, different parameters correspond to different stable and unstable subspaces, which finally lead to different dynamical behaviors. Furthermore, different parameters may have different intrinsic dynamic mechanisms. It is clear that the double-folded torus chaotic attractor is nonsymmetrical about the origin O, as shown in Fig. 1 ; however, the 3-folded torus chaotic attractor is symmetrical about the origin O, as shown in Fig. 3͑a͒ .
C. Dynamical behaviors of multifolded torus chaotic systems
The linear systems in the three domains V 0 and V ± of R 3 are Ẋ = A͑X − E͒, where X = ͑x , y , z͒ T , A = A 0 , and E = O for X V 0 , and A = A 1 and E = P ± for X V ± . When X V ± , let XЈ = X − P ± , so that Ẋ Ј= A 1 XЈ. Thus, the dynamical behaviors of the 3-folded torus system ͑1͒ with ͑3͒ and N = 2 are completely determined by the two basic linear systems ͑9͒ and ͑11͒. That is, the 3-folded torus chaotic attractor is generated via alternative switchings of the two basic linear systems ͑9͒ and ͑11͒. Figure 5 shows the stable and unstable subspaces E S and E U of the PWL system ͑1͒ with ͑3͒ and N = 2. Figure 5͑a͒ shows the stable and unstable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to O in V 0 , where the arrows denote the directions of the flow. Figure 5͑b͒ shows the stable and unstable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to P ± in V ± , where the arrows denote the directions of the flow. Let ⌿͑t͒ be the flow generated by ͑1͒ with ͑3͒ and N = 2, and X 0 be the initial value that is near O above T 0 but not on l 0 , where T 0 and l 0 are the stable and unstable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to O, respectively. Because 1 Ͼ 0, ⌿͑t , X 0 ͒ moves forward with respect to the x axis while rotating clockwise around l 0 ͑E U ͒, as shown in Figs. 5͑a͒ and 6. After long enough time, ⌿͑t , X 0 ͒ will hit S + and then enter V + . Due to the relative positions of P + and l + , ⌿͑t , X 0 ͒ continues to move forward while rotating around l + ͑E S ͒, as shown in Figs. 5͑b͒ and 6, where l + and T + are the stable and unstable eigenspaces of system ͑1͒ with ͑3͒ and N = 2 corresponding to P + , respectively. Because ␥ 1 Ͼ 0, ⌿͑t , X 0 ͒ increases its magnitude of oscillation and eventually returns to V 0 . Then, ⌿͑t , X 0 ͒ moves backward around l 0 . After a long time, it eventually hits S − and then enters V − . Then, ⌿͑t , X 0 ͒ moves further backward while rotating around l − , which is the stable eigenspace of system ͑1͒ with ͑3͒ and N = 2 corresponding to P − . Since ␥ 1 Ͼ 0, ⌿͑t , X 0 ͒ increases its magnitude of oscillation and finally returns to V 0 . Because ␥ 1 Ͻ 0, it decreases its magnitude of oscillation and returns to the original neighboring region of O. The trajectory ⌿͑t , X 0 ͒ is repeatedly stretched and folded for infinitely many times and finally forms a 3-folded torus chaotic attractor. Figure 6 shows the relative positions of all equilibrium points O , P ± and their eigenspaces l 0 , T 0 , l ± , and T ± . We can get the approximation formulas of the eigenspaces as follows: Moreover, the flow ⌿͑t , X 0 ͒ is completely determined by the two basic linear systems ͑9͒ and ͑11͒. Therefore, the flow ⌿͑t , X 0 ͒ follows the approximation solution of ͑9͒ in V 0 and the approximation solution of ͑11͒, as verified by using a linear transformation XЈ = X − P ± in V ± . In particular, the vector field of system ͑1͒ with ͑3͒ and N = 2 is symmetrical about the origin.
For N Ͼ 2, we can transform the multifolded torus system ͑1͒ with ͑3͒ into two basic linear systems ͑9͒ and ͑11͒ by using a simple linear transformation. In the following, we only select N = 5 as an example to explain how to construct the linear transformation. When N = 5, construct the following linear transformation: 
͑14͒
Therefore, the 9-folded torus system ͑1͒ with ͑3͒ and N =5 is also generated via alternative switchings of the two basic linear systems ͑9͒ and ͑11͒. Similarly, the underlying dynamic mechanism of the 9-folded torus system ͑1͒ with ͑3͒ and N = 5 is the same as that of the 3-folded torus system ͑1͒ with ͑3͒ and N =2.
In the following, we compare the dynamical mechanisms of the 3-folded torus system ͑1͒ with ͑3͒ for N = 2 with that of Chua's double-scroll system. [8] [9] [10] It is noticed that the magnitude of the real part ͉Re͑ 2,3 ͉͒ Ϸ0.0171 ͓or ͉Re͑ 2,3 ͉͒ Ϸ0.0159͔ of the pair of complex eigenvalues of system ͑9͒ ͓or system ͑11͔͒ is less than that of the imaginary part ͉Im͑ 2,3 ͉͒ Ϸ1.1489 ͓or ͉Im͑ 2,3 ͉͒ Ϸ1.1506͔ of the pair of complex eigenvalues of system ͑9͒ ͓or system ͑11͔͒ by two quantity levels ͓O͑10 2 ͔͒. Moreover, the magnitude of the real part characterizes the increasing or damping speed of the amplitude of the oscillator. However, the magnitude of the imaginary part characterizes the frequency of the oscillation. For the 3-folded torus system ͑1͒ with ͑3͒ and N = 2, the increasing or damping speed of the amplitude of the oscillator is relatively much smaller than the frequency of the oscillator. Therefore, the 3-folded torus system ͑1͒ with ͑3͒ and N = 2 can easily form increased or damped oscillations in every PWL region. That is, every PWL region can generate a torus.
The familiar Chua's circuit is described by , system ͑15͒ has a double-scroll attractor. 8 Denote Thus, the increasing or damping speed of the amplitude of the oscillator is relatively much bigger than the frequency of the oscillator. Hence, system ͑15͒ cannot create a scroll in V 0 . However, when X V + ͑or X V − ͒, the magnitude of the real part ͉Re͑ 2,3 Ј ͉͒ Ϸ0.2359 is less than that of the imaginary part ͉Im͑ 2,3 Ј ͉͒ Ϸ3.1376 by one quantity level ͓O͑10͔͒. Thus, the increasing or damping speed of the amplitude of the oscillator is relatively much smaller than the frequency of the oscillator. Therefore, system ͑15͒ can generate a scroll in V + ͑or V − ͒. Remark 2: In conclusion, all multifolded torus chaotic systems have the same dynamical mechanism; that is, all multifolded torus chaotic attractors are generated via alternative switchings between two basic linear systems ͑9͒ and ͑11͒. Moreover, all PWL regions of the characteristic function g͑x͒ with a positive slope correspond to the linear system ͑9͒, and the PWL regions of the characteristic function g͑x͒ with a negative slope correspond to the linear system ͑11͒. In particular, the two outer regions correspond to the negative slope. However, the dynamical mechanism of the multifolded torus chaotic attractors is very different from that of Chua's double-scroll. 
IV. CIRCUIT IMPLEMENTATION FOR MULTI-FOLDED TORUS CHAOTIC ATTRACTORS
This section designs a novel circuit to experimentally verify the multifolded torus chaotic attractors.
A. Fundamental principle of circuit design
Based on the above theoretical analysis, a block circuit diagram is designed for generating multifolded torus chaotic attractors, as shown in Fig. 7 . This circuit is described by FIG. 7 . Circuit diagram of multifolded torus chaotic attractors.
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According to ͑16͒, we have
͑17͒
Comparing ͑1͒ with ͑17͒, we get the following equivalent relationships:
͑18͒
where V BP = 1 V, and
is the time-scale transformation factor. Let R =1 k⍀. From ͑18͒, we have C 1 = 1.29 nF, C 2 = 18.75 nF, and L = 15 mH.
The subcircuitry N S in Fig. 7 is the subtraction generator and its output is ͑v C2 − v C1 ͒. The subcircuitry N R in Fig. 7 is the generator of the PWL characteristic function f͑v C2 − v C1 ͒ and its input and output satisfy the condition I N = f͑v C2 − v C1 ͒. Moreover, we can rigorously calculate the theoretical values of all resistors in N R by using the recursive formulas. 25 The operational amplifier is selected as type TL082, and the supply voltage of electrical source is ±E C = ±15V. Thus, the saturating voltage of the operational amplifier is E sat = 14.3V. In the following, we calculate the theoretical values of all resistors in N R for the experimental confirmation of the 3-, 5-, 7-, and 9-folded torus chaotic attractors.
To generate a 3-folded torus chaotic attractor, we rigorously calculate the theoretical values of the resistors in N R , based on the given parameters in Sec. II, as follows:
͑19͒
Similarly, we can rigorously calculate the theoretical values of the resistors in N R for the 5-, 7-, and 9-folded torus chaotic attractors based on the given parameters in Sec. II, as follows: ͑1 Յ n Յ 9͒, and number of folded tori. 
B. Circuit implementation
In the circuit design, we select all operational amplifiers shown in Fig. 7 to be type TL082. The supply voltage of the electrical source is ±E C = ± 15 V, and the saturating voltages of the operation amplifiers are E sat = 14.3 V. Moreover, all resistors in Fig. 7 are exactly adjustable resistors or potentiometers. Note also that the capacitances C 1 , C 2 , and inductance L are adjustable, as shown in Fig. 8 . Therefore, one can adjust the real parameter values of ␣ and ␤ by tuning the capacitances C 1 , C 2 , and inductance L.
For the PWL function generator N R in Fig. 7 , all unknown resistors R n2 ͑1 Յ n Յ 9͒ can be rigorously calculated by using a formula similar to ͑19͒ as shown in Tables  III and IV.   TABLE IV . Status of switches, resistors R n2 = r n R n1 ͑1 Յ n Յ 9͒, and number of folded tori. Experimental observations of the multifolded torus chaotic attractors. From left to right: ͑a͒ 3-folded torus, where x = 0.86V / div and y = 0.6V / div; ͑b͒ 5-folded torus, where x = 1.25V / div and y = 0.64V / div; ͑c͒ 7-folded torus, where x = 1.25V / div and y = 0.64V / div; ͑d͒ 9-folded torus, where x = 1.6V / div and y = 0.9V / div.
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Let R 1 = 100 k⍀, R 2 =2 k⍀, R 31 = R 51 = R 71 = R 91 =1 k⍀, and R 11 = R 21 = R 41 = R 61 = R 81 =10 k⍀. According to a formula similar to ͑19͒ and R n2 = r n R n1 ͑1 Յ n Յ 9͒, we can rigorously calculate all resistors in N R .
Thus, the circuit diagram Fig. 7 can be controlled based on Tables III and IV, to generate 3-, 5 -, 7-, and 9-folded torus chaotic attractors via the switchings of the switches K i ͑1 Յ i Յ 5͒. Figure 9 shows the experimental observation results for 3-, 5-, 7-, and 9-folded torus chaotic attractors.
Remark 3: The real measurement values of r n and R n2 for 1 Յ n Յ 9 in the circuit experiment may have a small departure from the theoretically calculated values shown in Tables III and IV, due to the discrete nature of real circuit parameters and the measurement errors. These differences can be corrected via a small adjustment of the resistors R n2 for 1 Յ n Յ 9 in the circuit experiment. Our experimental results show that it is technically very difficult to implement a chaotic attractor with more than nine tori by analog circuits because a circuit is highly sensitive to small variations of parameters with the increased number of tori. For example, the measurement precision of the switching points x 2 = 2.0735 and x 3 = 3.5735 of the 7-folded torus attractor has to pinpoint to the fourth digit of the decimal. Here, our circuit can realize up to a maximum of 9-folded tori in the chaotic attractor under the real experimental conditions.
V. CONCLUDING REMARKS
This paper has developed a systematic methodology for generating multifolded torus chaotic attractors from a simple three-dimensional autonomous circuit. Recursive formulas for system parameters have been rigorously derived, useful for improving hardware implementation. Dynamical behaviors of the multifolded torus system, including symmetry, bifurcation, eigenspaces, and conditions for chaos generation, have also been investigated. Our theoretical analysis shows that multifolded torus chaotic attractors can be generated via alternative switchings between two linear systems. A simple circuit diagram has been designed for experimentally verifying 3-, 5-, 7-, and 9-folded torus chaotic attractors. This is the first time in the literature that an experimental realization of a 9-folded torus chaotic attractor has been reported.
The circuit design method developed in this paper outperforms the existing methods, in the sense that all system design parameters and physical circuit parameters can be rigorously derived beforehand by our new techniques. Although, as is well known, there are many technical reasons that cause difficulties in hardware implementation of multifolded torus chaotic attractors, our approach has been physically implemented via circuitry, which can generate up to 9-fold torus chaotic attractors visible on the oscilloscope, showing the effectiveness and realizability of the proposed methodology.
